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How to write a PRL for RHIC physics

1. Identify a strong relationship between 
parameter x and observable y (e.g., η and v2)

2. Run your model for several values of x and 
show that y changes

3. Add hand-waving arguments that this is the 
principal sensitivity

4. Wait for someone else to show other 
parameters affect y



Example: v2 and η/s
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algorithm agrees with the results from Ref. [19] for cen-
tral collisions, when dropping the extra terms in Eq. (2).
Also, our code passes the fluctuation test from Ref. [16],
shown in Fig. 1. We thus have some confidence that our
numerical algorithm solves Eq. (2) correctly.

When solving the set of equations (2), we set the ratio
η/s to be constant throughout the evolution of the sys-
tem, since modeling any space-time dependence would
necessarily introduce more unknown parameters. There-
fore, results on η/s quoted below should be considered
as mean values over the entire system evolution.

To make contact with experiment, the hydrodynamic
variables are translated into particle spectra via the
Cooper-Frye freeze-out mechanism [20] (adapted to VH
[8, 16], see also [17]). For simplicity, we use a single
freeze-out temperature Tf but include the effect of res-
onance decays with masses up to 2 GeV on the spectra
[21, 22]. The normalization of the initial energy den-
sity and Tf are chosen such that the experimental data
on total multiplicity and mean transverse momentum
< pT > as a function of total number of participants
NPart =

∫

d2x⊥nPart(x⊥,b) are reasonably reproduced
by our model (see Fig. 2). We choose to fit to kaons
rather than pions because the former are influenced less
by Bose enhancement effects, which we have ignored [19].
Note that for simplicity our model does not include a
finite baryon chemical potential, prohibiting us to dis-
tinguish particles from anti-particles. As a consequence,
results for protons cannot be expected to match exper-
imental data. Starting from ideal hydrodynamics with
a freeze-out temperature Tf = 150 MeV, we have found
that reasonable fits to dN/dy and < pT > for VH can
be accomplished by keeping Tf fixed and reducing the
initial entropy density by 75 η/s percent to correct for
the viscous entropy production [19].

In Fig. 3 we compare our hydrodynamic model with
the above fit parameters to experimental data on the in-
tegrated and minimum bias elliptic flow v2, respectively.
Shown are results for ideal hydrodynamics and VH for
the initial condition ε ∼ nColl at an initial time τ0 = 1
fm/c. The results hardly change when assuming instead
s ∼ nPart as initial condition (see also [14]) or varying τ0

by a factor of two. Interestingly, we also find that chang-
ing τΠ hardly affects the results shown. Note that this
depends on the presence of the terms in the last line of
Eq. (2): if these terms are dropped, increasing τΠ tends
to further suppress v2 in line with the trend found in [19].

For the above initial conditions, we have noted that
there is also hardly any effect from the vorticity term.
This can be understood as follows: noting that for uη = 0
the only non-trivial vorticity is ωxy, which vanishes ini-
tially because of ux = uy = 0 and forming the com-
bination ∇xDuy − ∇yDux we find –up to third order
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FIG. 3: PHOBOS [24] data on pT integrated v2 and STAR
[25] data on minimum bias v2, for charged particles in Au+Au
collisions at

√
s = 200 GeV, compared to our hydrodynamic

model for various viscosity ratios η/s. Error bars for PHO-
BOS data show 90% confidence level systematic errors while
for STAR only statistical errors are shown.

corrections–

Dωxy + ωxy

[

∇µuµ +
Dp

ε + p
−

Duτ

uτ

]

= O(Π3). (3)

This is the relativistic generalization of the vorticity
equation, well known in atmospheric sciences [26]. Start-
ing from ωxy = 0, Eq. (3) implies a very slow buildup of
vorticity, explaining the tiny overall effect of the vorticity
term in Eq. (2). Note that upon dropping the assumption
uη = 0, this term can become important [27].

From Fig. 3 it can be seen that the effect from viscos-
ity on the elliptic flow is strong, in line with estimates
from Ref. [17]. Data on integrated v2 is fairly well re-
produced by a viscosity of η/s ∼ 0.08 and – within sys-
tematic errors – seems to be consistent with η/s ∼ 0.16.

P.Romatshke & U.Romtschke, PRL 2007



v2 depends on ....
• η/s
• saturation model
• pre-thermal flow

weakly on ....
• T-dependence of η/s
 
~independent of ....
• initial Txx/Tyy
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FIG. 1: Variation of the scaled elliptic flow with the density,
assuming initial conditions from the Glauber model. The line
is a 2-parameter fit using Eqs. (2) and (4).
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FIG. 2: Same as Fig. 1, using CGC initial conditions.

sured final-state multiplicity very well, which indicates
that the ratio of final-state particles to initial-state gluons
(including possible gluon multiplication processes [23]) is
essentially constant.

Figs. 1 and 2 display v2/ε as a function of
(1/S)(dN/dy) for Au-Au and Cu-Cu collisions at various
centralities, within the Glauber and CGC approaches,
respectively. For both types of initial conditions, Cu-Cu
and Au-Au collisions at the same (1/S)(dN/dy) give the
same v2/ε within error bars. Eccentricity fluctuations are
crucial for this agreement [8]. The figures also show that
Eqs. (2) and (4) provide a good fit to the data, for both
sets of initial conditions. On the other hand, the values
of the fit parameters clearly depend on the initial condi-
tions, which has important consequences for the physics.

The first physical quantity extracted from the fit is the
hydrodynamic limit, vhydro

2 /ε, obtained by extrapolating

to (1/S)(dN/dy) → ∞. The values are vhydro
2 /ε = 0.30±

0.02 with the Glauber parameterization, and vhydro
2 /ε =

0.22±0.01 with CGC initial conditions. Comparing these
numbers to the experimental data points one observes
that deviations from ideal hydrodynamics are as large as
30%, even for central Au-Au collisions. This is our first
important result.

So far, a quantitative extraction of the QCD EoS from
RHIC data via hydrodynamic analysis was hampered
by the fact that v2/ε had not been factorized into the
perfect-fluid part vhydro

2 /ε and the dissipative correction
1/(1 + K/K0). For example, Huovinen found [26] that
an EoS with a rapid cross-over rather than a strong first-
order phase transition, as favored by lattice QCD [27],
overpredicted the flow data. This finding was rather puz-
zling, too, as it was widely believed that the RHIC data
fully saturates the hydrodynamic limit. Our results sug-
gest that ideal hydrodynamics should in fact overpredict
the measured flow. That is, that one should not choose
an EoS in perfect-fluid simulations that fits the data.
Rather, the EoS could be extracted by comparing ideal
hydrodynamics to vhydro

2 /ε.
The next result is that CGC initial conditions, which

predict a higher initial eccentricity ε, naturally lead to a
lower hydrodynamic limit vhydro

2 /ε. Now, close to the
ideal-gas limit (cs = 1/

√
3), vhydro

2 /ε scales approxi-
mately like the sound velocity cs [4]. This means that
CGC initial conditions imply a lower average speed of
sound (softer equation of state) than Glauber initial con-
ditions, by a factor of 0.22/0.3 $ 0.73.

The second fit parameter is the partonic cross section
σ. The larger σ, the faster the saturation of v2/ε as
a function of (1/S)(dN/dy). For our standard values
of K0 and cs we obtain σ = 4.3 ± 0.6 mb for Glauber
initial conditions and σ = 5.5 ± 0.5 mb for CGC initial
conditions. These values are significantly smaller than
those found in previous transport calculations [24], but
match the findings of ref. [25].

CGC initial conditions imply a larger value of σ than
Glauber initial conditions, that is, a lower viscosity. This
can be easily understood. As already mentioned above,
the CGC predicts a larger eccentricity ε than the Glauber
model for semi-central collisions of large nuclei (when
there is a large asymmetry in the local saturation scales of
the collision partners, along a path in impact-parameter
direction away from the origin [19]). However, for very
peripheral collisions or small nuclei, there is of course
very little asymmetry in the saturation scales, and the
eccentricity approaches the same value as in the Glauber
model. This has been checked numerically in fig. 7 of
ref. [21], and can also be clearly seen by comparing our
figures: while in Fig. 2 v2/ε for semi-central Au+Au col-
lisions is lower than in Fig. 1, there is no visible differ-
ence for peripheral Cu+Cu collisions. In all, with CGC
initial conditions the scaled flow grows less rapidly with
the transverse density, which is the reason for the larger
elementary cross-section.

The dependence of σ on the initial conditions is prob-
ably even stronger than the numerical values above sug-
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FIG. 1: Variation of the scaled elliptic flow with the density,
assuming initial conditions from the Glauber model. The line
is a 2-parameter fit using Eqs. (2) and (4).
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sured final-state multiplicity very well, which indicates
that the ratio of final-state particles to initial-state gluons
(including possible gluon multiplication processes [23]) is
essentially constant.

Figs. 1 and 2 display v2/ε as a function of
(1/S)(dN/dy) for Au-Au and Cu-Cu collisions at various
centralities, within the Glauber and CGC approaches,
respectively. For both types of initial conditions, Cu-Cu
and Au-Au collisions at the same (1/S)(dN/dy) give the
same v2/ε within error bars. Eccentricity fluctuations are
crucial for this agreement [8]. The figures also show that
Eqs. (2) and (4) provide a good fit to the data, for both
sets of initial conditions. On the other hand, the values
of the fit parameters clearly depend on the initial condi-
tions, which has important consequences for the physics.

The first physical quantity extracted from the fit is the
hydrodynamic limit, vhydro

2 /ε, obtained by extrapolating

to (1/S)(dN/dy) → ∞. The values are vhydro
2 /ε = 0.30±

0.02 with the Glauber parameterization, and vhydro
2 /ε =

0.22±0.01 with CGC initial conditions. Comparing these
numbers to the experimental data points one observes
that deviations from ideal hydrodynamics are as large as
30%, even for central Au-Au collisions. This is our first
important result.

So far, a quantitative extraction of the QCD EoS from
RHIC data via hydrodynamic analysis was hampered
by the fact that v2/ε had not been factorized into the
perfect-fluid part vhydro

2 /ε and the dissipative correction
1/(1 + K/K0). For example, Huovinen found [26] that
an EoS with a rapid cross-over rather than a strong first-
order phase transition, as favored by lattice QCD [27],
overpredicted the flow data. This finding was rather puz-
zling, too, as it was widely believed that the RHIC data
fully saturates the hydrodynamic limit. Our results sug-
gest that ideal hydrodynamics should in fact overpredict
the measured flow. That is, that one should not choose
an EoS in perfect-fluid simulations that fits the data.
Rather, the EoS could be extracted by comparing ideal
hydrodynamics to vhydro

2 /ε.
The next result is that CGC initial conditions, which

predict a higher initial eccentricity ε, naturally lead to a
lower hydrodynamic limit vhydro

2 /ε. Now, close to the
ideal-gas limit (cs = 1/

√
3), vhydro

2 /ε scales approxi-
mately like the sound velocity cs [4]. This means that
CGC initial conditions imply a lower average speed of
sound (softer equation of state) than Glauber initial con-
ditions, by a factor of 0.22/0.3 $ 0.73.

The second fit parameter is the partonic cross section
σ. The larger σ, the faster the saturation of v2/ε as
a function of (1/S)(dN/dy). For our standard values
of K0 and cs we obtain σ = 4.3 ± 0.6 mb for Glauber
initial conditions and σ = 5.5 ± 0.5 mb for CGC initial
conditions. These values are significantly smaller than
those found in previous transport calculations [24], but
match the findings of ref. [25].

CGC initial conditions imply a larger value of σ than
Glauber initial conditions, that is, a lower viscosity. This
can be easily understood. As already mentioned above,
the CGC predicts a larger eccentricity ε than the Glauber
model for semi-central collisions of large nuclei (when
there is a large asymmetry in the local saturation scales of
the collision partners, along a path in impact-parameter
direction away from the origin [19]). However, for very
peripheral collisions or small nuclei, there is of course
very little asymmetry in the saturation scales, and the
eccentricity approaches the same value as in the Glauber
model. This has been checked numerically in fig. 7 of
ref. [21], and can also be clearly seen by comparing our
figures: while in Fig. 2 v2/ε for semi-central Au+Au col-
lisions is lower than in Fig. 1, there is no visible differ-
ence for peripheral Cu+Cu collisions. In all, with CGC
initial conditions the scaled flow grows less rapidly with
the transverse density, which is the reason for the larger
elementary cross-section.

The dependence of σ on the initial conditions is prob-
ably even stronger than the numerical values above sug-

Drescher, Dumitru, Gombeaud &Ollitrault PRC 2007

Wounded-nucleon IC

CGC Initial Conditions

J.Vredevoogd, ArXiv 1307.7677



• Many parameters, x, affect any given observable, y
E.g. v2 affected by viscosity, saturation parameters, 
initial flow...

• Each parameter affects several observables

• Can't quantitatively determine parameters

Shortcomings of approach

 
y(x)



Some parameters (bulk physics)

• Shear Viscosity (T,ρ dependent)

• Bulk Viscosity (T,ρ dependent)

• Eq. of State (T,ρ dependent)

• Initial Conditions:
choice of parameterization/model, initial flow, 
saturation scale, energy normalization, rapidity 
width, baryon stopping

• Hadronization parameters: Thad, fugacity

• In-medium screening of σ

• Could easily exceed a dozen



Some observables (soft)

• Yields and Spectra

• v2, v3, v4...

• Femtoscopic Radii

• Can reduce functions to a few numbers.
E.g. spectra → yield, ⟨pT⟩, ⟨pT2⟩

• long-range correlations, e.g. charge balance

• All depend on species,  pT , y, centrality, 
beam particles, beam energy

• Perhaps ~100 observables



Markov Chain Monte Carlo (MCMC)

• Find sample "posterior" distribution:
collection of x weighted by likelihood

• σa incorporates both experimental & model 
uncertainties

• Typical algorithm Metropolis:
1. Calculate L(x)
2. Calculate L(x+δx)
3. If L(x+δx)> L(x) or L(x+δx)/L(x)<Random: 
keep
    otherwise: reject
Repeat .... perhaps millions of times

 


L(x)∝ exp − (ya (

x)− ya
exp )2

2σ a
2

a
∑⎧

⎨
⎩

⎫
⎬
⎭



Markov Chain Monte Carlo (MCMC)

• Posterior distribution = sampling of x 
consistent with L(x)
From sampling -> ⟨x⟩, covariances ..

• Each point might requires running model 
with sufficient stats for each impact 
parameter, beam energy, ....

• Could take multiple CPU days for each 
point

• NOT TRACTABLE!!!



• Run full model ~1000 times semi-randomly 
throughout prior (Latin hyper-cube sampling)

• Build emulator:

• Examples emulator schemes:
Gaussian process, linear/quadratic fit...

Emulator / Surrogate Model / 
Metamodel / Interpolator

 y
emu (x) ≈ ymod (x)



• Determine principal components (PCA)

Rotate y to diagonalize covariance

Only emulate components with λ⪞1

• Determine hyper-parameters:
(e.g. linear fit parameters) for each za 

Building emulator

 
ya (
x)→ ya (x) ≡

ya (
x)− 〈ya 〉
σ a

 

〈 ya yb 〉→ 〈zazb 〉 =
λ11 0 0
0  0
0 0 λnn

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 


L(x) ≈ exp 1

2
(za
emu (x)− za

exp )2
a
∑⎧

⎨
⎩

⎫
⎬
⎭



Test Calculation

• Parametrized IC, IS Hydro + Cascade

• 100 GeV/c + 100 GeV/c Au+Au from RHIC

• π, K, p spectra -- π HBT radii -- π v2 

• 6 parameters: η, T-dependence of η, 
saturation σ, WN vs. CGC weight,
ε normalization, initial flow

J.Novak, K. Novak, S.Pratt, C.Coleman-Smith & R.Wolpert, ArXiv:1303.5769



1D and 2D 
Posterior

Projections
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Spectra 
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Proof of Principle was successful

• Robust, Repeatable

• Emulation works splendidly

• Method scales well to more parameters
& more data



Numerical Requirements for 
10-20 parameters

• Run Code for 2000 points in parameter space

• 20 impact parameters / beam energies / A+B

• 400 fluctuations × 100 cascade events
=40,000 cascade events & 400 hydro runs
for each x, b, A+B, E/A...

• 1.6×109 cascade runs, 1.6×107 hydro runs



Numerical Requirements

• 10,000 CPU days for cascade if 0.5 seconds/
event (perform example run)

• 40,000 CPU days for hydro if 5 minutes/event

• Important to optimize for multi-core / GPU

• Storage ~ 2 MB/event ⟹ 5 PB
Is it cheaper to regenerate cascade data?

• Not trivial, but tractable

• Inefficient codes/coding wastes many $€£¥...



Modular Modeling

• Initial Condition (parametric)
fully 3D, non-zero baryon number
3D dynamical models still in flux

• Viscous 3D Hydro

• Hadron Cascade

• HBT / EM / Jets after-burners

• Statistical Analysis



Physics (Soft) To-Do List

• I.C. → Much to Do for 3D/non-zero B

• Hydro → seamless approach for 3D & B≠0 
for 5 GeV < E/A < 14 TeV

• Cascade → π Bose factors, baryon annihilation,
non-equilibrium hadronization, absorption into 
hydro region, viscous corrections, mean field, 
consistent time delays

• HBT → good shape

• EM → ???

• Jets → ???



Justifying the Approach

STATS approach works because:
• Response to parameters is smooth

Parameterization of physics works because
• Israel-Steward Hydro is flexible
   - handles wide variety of IC
   - Eq. of Motion mainly driven by cons. laws
• Only modest sensitivity to IC
• Main physics assumptions:
   - Components flow together in hydro
   - Close enough to Navier-Stokes so that
      relaxation to NS is justified
   - Hadronization is close to chem. equil.
      (aside from quark fugacities)


