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–  First	
  order	
  in	
  gradient:	
  acausality	
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  order	
  in	
  gradient:	
  	
  

•  Israel-­‐Stewart,	
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  and	
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  AdS/CFT,	
  
	
  	
  	
  Grad’s	
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  expansion,	
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  group	
  

•  Numerical	
  scheme	
  
–  Shock-­‐wave	
  capturing	
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  Riemann	
  problem	
  	
  	
  
•  Godunov	
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  analy/cal	
  solu/on	
  of	
  Riemann	
  problem	
  	
  
•  SHASTA:	
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  first	
  version	
  of	
  Flux	
  Corrected	
  Transport	
  	
  
algorithm,	
  Song,	
  Heinz,	
  Chaudhuri	
  	
  	
  	
  
•  Kurganov-­‐Tadmor	
  (KT)	
  scheme,	
  McGill	
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   Israel-­‐Stewart	
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Takamoto	
  and	
  Inutsuka,	
  arXiv:1106.1732	
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Riemann	
  solver:	
  Godunov	
  method	
  	
  	
  	
  
	
  

(ideal	
  hydro)	
  	
  	
  	
  
	
  

Mignone,	
  	
  Plewa	
  and	
  Bodo,	
  Astrophys.	
  J.	
  S160,	
  199	
  (2005)	
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  CN,	
  Takamoto,	
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  setups:	
  
•  Free	
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  with	
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Time	
  Evolu3on	
  of	
  εn	
  and	
  vn	
  	
  	

•  Eccentricity	
  &	
  Flow	
  anisotropy	
  

εne
inΦn = zn z n ,   z = x + iy

vne
inψn = ν n ,   ν = vx + ivy,    (0 ≤ εn,vn ≤1)

 = d 2x
T>Tf =155MeV
∫  S0 (x, y) d 2x

T>Tf =155MeV
∫  S0 (x, y)

Shit	
  the	
  origin	
  so	
  that	
  ε1=0	
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•  Entropy	
  of	
  hydro	
  (T>TSW=155MeV)	
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Eccentrici3es	
  vs	
  higher	
  harmonics	

•  LHC	
  (one	
  event)	
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  vs	
  higher	
  harmonics	

•  LHC	
  (200	
  events)	
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  vs	
  higher	
  harmonics	

•  RHIC	
  (200	
  events)	
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Hydro	
  +	
  UrQMD	

•  Transverse	
  momentum	
  spectrum	
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  NONAKA	
  

Effect	
  of	
  Hadronic	
  Interac3on	
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  from	
  Hydro	
  +	
  UrQMD	

•  Effect	
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Summary	
  
•  We	
  develop	
  a	
  state-­‐of-­‐the-­‐art	
  numerical	
  scheme	
  
–  Viscosity	
  effect	
  
–  Shock	
  wave	
  capturing	
  scheme:	
  Godunov	
  method	
  

–  Less	
  ar/ficial	
  diffusion:	
  crucial	
  for	
  viscosity	
  analyses	
  	
  
–  Stable	
  for	
  strong	
  shock	
  wave	
  

•  Construc/on	
  of	
  a	
  hybrid	
  model	
  
–  Fluctua/ng	
  ini/al	
  condi/ons	
  +	
  Hydrodynamic	
  evolu/on	
  +	
  
UrQMD	
  

•  Higher	
  Harmonics	
  
–  Time	
  evolu/on,	
  	
  hadron	
  interac/on	
  

Our	
  algorithm	
  



C.	
  NONAKA	
  

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  1  2  3  4  5  6  7  8  9

¡ n

time (fm)

eps1
eps2
eps3
eps4
eps5

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  1  2  3  4  5  6  7  8  9

¡ n

time (fm)

eps1
eps2
eps3
eps4
eps5

Time	
  Evolu3on	
  of	
  εn	

•  Eccentrici/es	


LHC	
 RHIC	




C.	
  NONAKA	
  

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0  1  2  3  4  5  6  7  8  9

v n

time (fm)

v1
v2
v3
v4
v5

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0  1  2  3  4  5  6  7  8  9

v n

time (fm)

v1
v2
v3
v4
v5

Time	
  Evolu3on	
  of	
  vn	

•  Flow	
  anisotropies	


LHC	

RHIC	




C.	
  NONAKA	
  

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  1  2  3  4  5  6  7  8  9

¡ n

time (fm)

eps1
eps2
eps3
eps4
eps5

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  1  2  3  4  5  6  7  8  9

¡ n

time (fm)

eps1
eps2
eps3
eps4
eps5

Time	
  Evolu3on	
  of	
  εn	

•  Eccentrici/es	
  from	
  200	
  events	


LHC	
 RHIC	




C.	
  NONAKA	
  

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0  1  2  3  4  5  6  7  8  9

v n

time (fm)

v1
v2
v3
v4
v5

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0  1  2  3  4  5  6  7  8  9

v n

time (fm)

v1
v2
v3
v4
v5

Time	
  Evolu3on	
  of	
  vn	

•  Flow	
  anisotropies	
  from	
  200	
  events	


LHC	
 RHIC	




C.	
  NONAKA	
  

Velocity	
  	
  
t=4.0	
  fm	
  dt=0.04,	
  100	
  steps	
  	
  

analy/c	
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θ	
  	
  
t=4.0	
  fm	
  dt=0.04,	
  100	
  steps	
  	
  

analy/c	
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EoS	
  Dependence	
  



C.	
  NONAKA	
  

Numerical	
  Method	
  
Takamoto	
  and	
  Inutsuka,	
  arXiv:
1106.1732	
  

SHASTA,	
  	
  
rHLLE,	
  KT	
  



C.	
  NONAKA	
  

rHLLE	
  vs	
  SHASTA	
  Schneider	
  et	
  al.	
  J.	
  Comp.105(1993)92	
  



C.	
  NONAKA	
  

Ar3ficial	
  and	
  	
  Physical	
  Viscosi3es	
  
Molnar,	
  Niemi,	
  Rischke,	
  Eur.Phys.J.C65,615(2010)	
  
	
  

An/diffusion	
  terms	
  :	
  ar/ficial	
  viscosity	
  	
   stability	
  



C.	
  NONAKA	
  

Numerical	
  Dissipa3on	

•  Sound	
  wave	
  propaga/on	


1000	


0	
 2	
-­‐2	

fm	


fm-­‐4	


δp=0.1	
  fm-­‐4	


periodic	
  boundary	
  condi/on	


Cs0:sound	
  velocity	


λ=2	
  fm	


Ater	
  one	
  cycle:	
  t=λ/cs0	

Vs(x,t)=Vinit(x-­‐cs0t)	


If	
  numerical	
  dissipa/on	
  does	
  	
  
not	
  exist	
  	


p	


Vs(x,t)≠Vinit(x-­‐cs0t)	


With	
  finite	
  numerical	
  dissipa/on	


L1	
  norm	


ater	
  one	
  cycle	
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Convergence	
  Speed	


Space	
  and	
  /me	
  discre/za/on	
  
Second	
  order	
  accuracy	




C.	
  NONAKA	
  

Numerical	
  Dissipa3on	


1000	
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• numerical	
  dissipa/on:	


• 	
  from	
  fit	
  of	
  calculated	
  data	
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ηnum	
  vs	
  Grid	
  Size	


Numerical	
  dissipa/on:	
  
Devia/on	
  from	
  linear	
  analyses	
  (Llin)	


Ex.	
  Heavy	
  Ion	
  Collisions	


λ	
  ~	
  10	
  fm	


0.1<η/s<1	


T=500	
  MeV	


Δx	
  <<	
  0.8	
  –	
  2.6	
  fm	


Fluctua/ng	
  ini/al	
  condi/on	

λ	
  ~	
  1	
  fm	


Δx	
  <<	
  0.25	
  –	
  0.82	
  fm	



